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1 Introduction 

This paper is a follow-up of an observation made in [Feil5b]. Nevertheless, I would like to say a few 
words about the general background first. 

We call a compact complex manifold a Calabi-Yau, to be Kahler or not, if its canonical bundle is 
holomorphically trivial. Calabi-Yau manifolds, especially Calabi-Yau 3-folds, have been extensively 
studied ever since Yau’s solution to the Calabi conjecture [Yau77, Yan78b]. Among many other 
enthralling problems, motivated from either geometry or string theory, there stands out the moduli 
problem. There exists a vast collection of literature devoted to understanding the moduli space of 
Calabi-Yau manifolds. We refer to the beautiful survey paper [Yau09] and the references therein 
for more details. In our context, we would like to single out what is usually called the “Reid’s 
fantasy”. In [Rci87] , Reid made the wild conjecture that all the reasonably nice compact 3-folds with 
trivial canonical bundle (including non-Kahler ones necessarily) can be connected with each other via 
conifold transitions. Reid’s idea was supported by the work of Candelas-de la Ossa [CdlODO], where 
explicit Ricci-flat Kahler metrics are found on both deformed and resolved conifolds and their limiting 
behaviors are analyzed. 

In order to globalize Candelas-de la Ossa’s result, it is natural to ask the question that how 
canonical we can choose Hermitian metrics on compact non-Kahler Calabi-Yau manifolds. The first 
way to deal with this problem is to understand how to generalize the Calabi-Yau theorem in the non- 
Kahler setting. In particular, the balanced version of Gauduchon conjecture remains to be solved. A 
consequence of this conjecture is that on complex balanced manifolds with trivial canonical bundle one 
can always find a balanced metric within a suitable cohomology class such that its first Bott-Chern 
form vanishes. Progress was made by Szekelyhidi-Tosatti-Weinkove [STW15] in this direction. 

A second approach to this problem is to solve the Strominger system. This is a system of PDEs 
proposed by Strominger [Str86] in the study of heterotic strings with torsion which we shall formulate. 
Let {X^,g,J) be an Hermitian 3-fold (not necessarily Kahler) with holomorphically trivial canonical 
bundle and let fl be a nowhere-vanishing holomorphic (3, 0)-form on X. We denote the positive (1,1)- 
form associated with g hy oj and the curvature form of (Tc Y, g) by R. In addition, let {E, h) be 
a holomorphic vector bundle with metric over X and let F be its curvature form. The Strominger 
system consists of the following equations: 



( 1 ) 

( 2 ) 

(3) 


Equations (1), (2) and (3) are known as the Hermitian-Yang-Mills equation, the anomaly cancellation 


equation and the conformally balanced equation respectively. 

If we assume that w is Kahler and take E = TpY, the anomaly cancellation (2) is automatic. It 
follows that the whole system is reduced to an equation requiring g to be Ricci-flat. In this sense. 
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the Strominger system generalizes the complex Monge-Ampere equation used in Kahler geometry. 
Therefore we may regard solutions to Strominger system as canonical metrics, even on a non-Kahler 
background. Actually, the first method mentioned above can be incorporated into this picture. It 
is well-known that for X with trivial canonical bundle, the conformally balanced condition (3) is 
equivalent to that the restricted holonomy of X with respect to the Strominger-Bismut connection 
is contained in SU{3), see [Str86, Section 2] and [LY05, Lemma 3.1]. However, this is very far from 
requiring H to be parallel under the Strominger-Bismut connection. It turns out the latter condition 
is equivalent to that is a constant and w is a balanced metric, i.e., solving the balanced version 

of Gauduchon conjecture. 

The Strominger system is very hard to solve in general. The reason lies in the fact that the anomaly 
cancelation equation (2) is an equation of 4-forms. After certain perturbative solutions described in 
[Str86], the first smooth irreducible solutions for 1/(4) or U{5) principal bundles over Kahler Calabi- 
Yau’s were due to Li and Yau [LY05]. Later, a set of genuine non-Kahler solutions were obtained 
by Fu and Yau [FY08]. A great deal of work has been done in recent years, see [FIUV09], [FTY09], 
[AGF12], [AGS14], [dlOS14], [FY15], [GFRT15] and the references therein. 

Following [Mic82], we say an Hermitian metric w on a complex n-fold is balanced if d(a;"“^) = 0. 
As a consequence of (3), X must support a balanced metric. Thanks to the work of [Glc83], [Fri8G] 
and [FLY12], there are lots of non-Kahler Galabi-Yau 3-folds with balanced metric which can be 
obtained by taking a sequence of conifold transitions starting from a projective Galabi-Yau 3-fold. 
Other techniques like branched double covering [LWY14] may also be useful and we refer to the 
survey paper [TosIS] for more constructions. However, it seems that for most of these constructions, 
the Strominger system is way too hard to attack. As far as the author knows, the only successes were 
made on those T^-bundles over K3 surfaces constructed by [GP04] and quotients of various Lie groups 
over lattices. 

This paper is divided into two parts. In Part I, following the observation made in [Fcil5b], we 
provide a new way to find non-Kahler manifolds which generalizes the classical construction of Galabi 
[Gal58] and Gray [Gra69]. In particular, we obtain a series of non-Kahler Galabi-Yau 3-folds with 
natural balanced metric. These 3-folds are holomorphic fiber bundles over Riemann surfaces of genus 
g > 3 with hyperkahler fibers. For Part H, we make use of this fibration structure to write down 
a suitable ansatz for the Strominger system. By solving an algebraic equation, we obtain explicit 
degenerate solutions to the Strominger system with F = 0. Along the way we also prove that our 
models do not admit any pluriclosed metrics, answering a question of Fu-Wang-Wu [FWWI3, Section 
1]. Finally we make a discussion about the geometry of degeneracy loci. 
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Part I 

Geometric Construction 

2 The Classical Construction of Calabi and Gray 

For any oriented immersed hypersurface X in Calabi [Cal58] discovered that X automatically 
admits an almost complex structure Jq from the following construction. Let us identify with 
lm(0), the space of purely imaginary octonions. There is a cross product x defined on lm(0) which 
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can be expressed by 

ax b = a ■ b + {a, b), 

where • is the octonion multiplication and is the standard inner product on O. For any point 

p € X, the almost complex structure (Jo)p : TpX —)> TpX is defined by 

(Jo)p(u) =VpXv, Vu e TpX, 

where Vp is the unit positive normal of M at p with respect to the standard metric and orientation. 
Using properties of cross product on lm(0), it is not hard to check that Jq = —id and we get an 
almost complex structure. 

Calabi also derived the condition for Jq to be integrable. In particular, he proved that if E is 
an oriented immersed minimal surface in then the almost complex structure induced on X = 
E X R.^ X R.^ = lm(0) is integrable. Using such construction, he gave the first example that the 

Chern classes of a complex manifold is not determined by its underlying smooth structure, answering 
a question of Hirzebruch. 

Calabi’s construction was later generalized by Gray [Gra69] to manifolds with vector cross product. 
That is, one can replace R^ by any manifolds with a G 2 -structure. In particular, if Eg is an oriented 
minimal surface of genus g in flat and M is a compact hyperkahler 4-manifold (either T'^ or a 
K3 surface), then the induced Jo on X = Eg x M x M is integrable. Notice that though 

diffeomorphically X is a product, the holomorphic structure on X is twisted, as long as Eg is not 
totally geodesic, i.e., a flat subtorus. Such minimal surfaces Eg exist for and only for every g > 3, see 
[MI90, Gorollary 3.1, Gorollary 10.1] and [TraOS, Theorem 1]. 

It was further observed in [Fcil5b, Theorem 5.1] that these X are actually compact non-Kahler 
Galabi-Yau’s. The argument goes as follows. As the fundamental 3-form (p of the G 2 -manifold xM 
is closed, its restriction on X is also closed. On the other hand, the restricted 3-form is the real part 
of a complex (3,0)-form fl. Using the fact Jg is integrable, we conclude that 11 is holomorphic and 
therefore trivializes the canonical bundle of X. 

There is also a natural induced metric on X from the ambient G 2 -manifold x M. It is classically 
known [Gra69] that this metric uj is Hermitian and balanced. In addition, UUUtj is of constant length 
and therefore U is parallel under both the Chern connection and the Strominger-Bismut connection. 
Thus (X, w) is a special balanced 3-fold, using the terminology from [FeilSb]. 

Moreover, the fibration 

TT : (Eg X M, Jq) —>■ Eg 

is holomorphic with holomorphic sections of the form Eg x {pt}. 


3 Explicit Calculation 


In this section, we lay the foundation for future calculations. 

Let us first write down the complex structure Jg explicitly. Let ei, 62 , 63 be an orthonormal basis 
of parallel vector fields on and let e^, e^, be the dual 1-forms. Fix I,J,K a set of pairwise anti¬ 
commuting complex structures on the hyperkahler manifold M, and denote the associated Kahler 
forms by luj, ujj and ujk respectively. Let G : Eg —>■ C R^ be the Gauss map and write its 

components as 

G(z) = (a(z),^(z),7(z))eR3, Vz e Eg. 

Thus 

i/(z) = a(z)ei -I- /3(z)e2 -I- 7(-^)e3- 


Notice that the cross product on Eg x M is determined by the fundamental 3-form 


(fi = e^ A uJi e'^ A ujj A ojk — A A e^} 

^It should be noted that the orientation induced on T® differs from the standard one by a sign. 
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It is not hard to see that 


JoGi — —762 + /3e3, 

•^062 = 7^1 — ctes , 

(4) 

= ~/3ei + Q;e 2 , 

Jqv = alv + pjv + jKv, 

for arbitrary vector field v tangent to fibers of tt : X —>■ Eg. 

The action of Jq on forms can be obtained easily as follow 

Joe^ = 76^ - 
Joe^ = — 76 ^ + ae^, 

Joe^ = Pe^ — ae^, 

Jqloi = {2a^ — l)oJi + 2aPu)j + 2a'yu)K, 

Jqloj = 2aPuJi + (2/3^ - l)ujj + 2p-fujK, 

Jqlok = 2a^uji + 2P'fujj + ( 27 ^ - 1)u}k- 

Denote by ujq the induced metric on X from x M, clearly, 

( 5 ) ioo = u} + acoi + Pujj + jcok, 

where oj is the induced Kahler metric on Eg. 

Up to now we have not used the fact that Eg is minimal. Let / : D —5> Eg C given by 

{u,v) H> {fl{u,v), f 2 {u,v), f 3 {u,v)) 


be an isothermal parametrization of Eg compatible with its orientation. Let z = u + iv and 




for j = 1,2,3. It is a well-known fact that Eg is a minimal surface is equivalent to that ipj are 
holomorphic functions and 


Vi+ ^2 + ‘pI — 0- 


Setting 


2A = ipup^ + LP2P2 + 


we can easily express a, /?, 7 as 


- 2 i\a = v32^3 - PPP 2 ^ 
-2iXP = v33^i - P 1 P 3 , 
-2iX'f = V3i^2 - ^ 2 ^ 1 - 


Without too much effort, one can check that 


We also have the relations 


( 6 ) 


da 


dz 


P 2 




= P3' 


dj 


.da dj dp 

. dp da dj 

,97 dp da 
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4 Generalizations 


In this section, we will generalize the classical construction of Calabi and Gray. A first observation 
is that the recipe (4) used for producing the complex structure Jq make sense for any hypercomplex 
manifold M. More precisely, let be a hypercomplex manifold of complex dimension 2n, i.e., a 
smooth manifold of real dimension An endowed with three integrable complex structures I, J and K 
satisfying 

= UK = -id. 

Let Tig be an oriented minimal surface immersed in as before, then we can define an almost complex 
structure Jq on Sg x using exactly the formula (4). A straightforward calculation of Nijenhuis tensor 
shows that Jq is integrable, due to the relations we derived in ( 6 ). If we further assume that N is 
actually hyperkahler, then the associated Hermitian forms loj, coj and ujk are closed. Notice that the 
naturally induced metric ujq on Eg x A^ is still of the form (5). We see immediately that 

Wg" = (aw/ + Pujj + ywif )^” + 2 n • w A {auji + Pcoj + 70;^)^"“^ 

is d-closed, hence uiq is a balanced metric. 

Remark 4.1. Hypercomplex manifolds form a strictly larger category than hyperkahler manifolds. 
For instance, in real dimension 4, besides T'^ and K3 surfaces, we should also include the Hopf surfaces 
into the hypercomplex list, see [Boy 88 ]. 

Our next observation relates the above construction to the twistor space of hypercomplex mani¬ 
folds. Recall from [HKLR87, Section 3(F)] and [Kal98, Section 1] that the twistor space of a hyper¬ 
complex manifold N is constructed as follows. Parameterize 5^ = {(a,/ 3 , 7 ) £ -I- /3^ -|- 7 ^ = 1} 

by C G CPi via 

li + icp’i + icp -i + icpA 

The twistor space Z of A^ is defined to be the manifold Z = CP^ x N with the almost complex 
structure 3 given by 

(7) 3 = 7© {oilx + PJx + iKx) 

at point (C, x) G CP^ x N^ where j is the standard complex structure on CP^ with holomorphic 
coordinate C,. It is a theorem of [HKLR87] and [Kal98] that 3 is integrable and the projection p ■. Z ^ 
CP^ is a holomorphic fibration. 

Recall that for an oriented minimal surface Eg in T^, the Gauss map G : Eg —>■ CP^ written in 
above coordinate 

Z ^ C(z) 

is holomorphic. Gomparing the definition of Jo(4) and 3(7), we conclude immediately that Jg is 
exactly the pullback of 3 by the Gauss map G. More precisely, we have the pullback square 


{TgxNJo) = G*Z^^(Z, 3 ) 



Eg - - -^ CPl 


All the maps in this diagram are holomorphic. 

^The 7 component here differs from [HKLR87] by a sign. If we follow the convention that IJ = K on vector fields, 
then IJ = —K on 1-forms. With this understood, one detects a sign issue in [HKLR87]’s calculation. It turns out our 
formula above gives the right complex structure. 
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This is a very useful viewpoint in practice. For instance, it allows us to compute the first Chern 
class of (Eg X N,Jo). Let = kerdTr and Fp = kerdp respectively, and we have two short exact 
sequences of bundles 


0-^ F^-^ TG*Z ^ 7r*TEg ^ 0, 

0^ Fp^TZ p*TC¥^ 0 . 

From the pullback square, we see that 

-t TT — ^ pi 

therefore we conclude that 

ci(Eg X TV) = ci(F,) +7r*ci(Eg) = ^*ci(Eg) + G*ci{Fp). 

It was proved in [HKLR87, Theorem 3.3] that A^F*®p*0{2) has a section which defines a holomorphic 
symplectic form on each fiber of p? It follows that 

ci{Fp) = p*ci{0{2n)). 

Let p be the positive generator of F[‘^{T,g,Z) and identify it with 1 G x N,Z), we conclude 

that 

ci(Eg X N) = {g - l)(2n - 2)p, 

where we have used the simple fact that degG = g — 1 as a consequence of Gauss-Bonnet. 

We see immediately that when n = 1, i.e., is a hypercomplex 4-manifold, then ci(Eg x N) = 0. 
This is consistent with our result mentioned in Section 2. We also conclude that ci(Eg x TV) can always 
be represented by a nonnegative class, which is good enough for us to prove the following theorem. 

Theorem 4.2. (Eg x TV, Jq) does not support any Kahler metric. 

To prove this theorem, we need to use Yau’s generalized Schwarz lemma [Yau78a], which says 

Theorem 4.3. (Yau, [Yau78a, Theorem 2]) 

Let Pi be a complete Kahler manifold with nonnegative Ricci curvature and let P 2 be an Hermitian 
manifold with holomorphic bisectional curvature bounded from above my a negative constant. Then 
any holomorphic map from Pi to P 2 must be a constant. 

Now we proceed to prove Theorem 4.2 

Proof. Assume that Eg x TV admits a Kahler metric, then by Yau’s solution of Calabi conjecture 
[Ya\i77, Yau78b], we may choose the Kahler metric to have nonnegative Ricci curvature since ci(Eg x 
TV) is the Ricci form. On the other hand, as g > 3, we know that Eg admits a hyperbolic metric. This 
contradicts with Yau’s Schwarz lemma since tt : Eg x TV —^ Eg is not a constant. □ 

Remark 4.4. Yau’s Schwarz lemma was later generalized by Tosatti [Tos07] to the case that Pi is a 
complete almost Hermitian manifold. In this case, one should use the 2nd Ricci curvature with respect 
to the so-called canonical connection, which coincides with the Chern connection in the integrable case. 
Our example of non-Kahler Calabi-Yau shows that one cannot replace the 2nd Ricci curvature by the 
1st Ricci curvature. 

We next prove that 

Theorem 4.5. Eg x TV admits balanced metrics. 

•^As long as we are only concerned with topology instead of holomorphic structure, this result is available to hyper¬ 
complex manifold as well. 
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Proof. An explicit balanced metric has been constructed at the beginning of this section in the case 
that N is hyperkahler. However, we will present a proof that is also applicable to the hypercomplex 
setting. 

In [Toml5], Tomberg proved that Z admits a balanced metric. If we pull-back this form back to 
Hg X N via G, then we get a nonnegative (I,l)-form ujq whose 2n-th power is closed. Notice that 
G : Yjg ^ CP^ is a branched cover, therefore Wq”, identified as a (l,I)-form via a volume form on 
Sg X N, is degenerate at those fibers of tt over ramification points of G, only in the vertical direction. 

To remedy this problem, for each ramification point q S Eg, we construct a closed (2n, 2n)-form 
Ag on Eg X as following. Let z he a local coordinate on Eg with z{q) — 0. Let ft be a real smooth 
function on Eg such that ft is given by 

Mz) = {i + \z\y 

near q. Consider the closed real (2n, 2n)-form 

Ag = idd{ft{auJi + Pwj + 


Evaluate it at g, we see that 

Xq{q) = itdz A dz A {auji + jSujj + 70;^)^"“^ -|- idd{auJi + fdujj + 70;^)^"“^. 

Therefore for t big enough, Xq{q) identified as a (l,l)-form, is strictly positive definite in the vertical 
direction. 

Now let 

Aq = Wg" + ^ CgAg, 

9 

where Cg are positive constants. Our argument shows that if we choose Cg close to 0, then Ag is a 
closed positive (2n, 2n)-form on Eg x iV, hence we prove our theorem. 

It should be noticed that the only fact about G we used in the proof is that it is a branched 
covering. □ 

Now let us assume that N is hyperkahler and we replace G : Eg —^ CP^ by an arbitrary holomorphic 
map h : Y ^ CP^. Let Y be the total space of the pullback fibration h*Z. Our computation above 
implies that 

Ky^KY(Zh*0{-2n), 

where Ky and Ky represent the canonical bundle of Y and Y respectively. Use an argument similar 
to [Toml5, Corollary I], we actually have proved 

Theorem 4.6. If h : U —?> P^ satisfies 

(8) Ky ^ h*0(2n), 

then Y = h*Z has trivial canonical bundle. As long as h is not a constant map, Y is non-Kahler. 

Remark 4.7. A similar construction was used by LeBrun [LeB99] for different purposes. 

If (8) is satisfied, then L = h*0{n) is a square root of Ky, which corresponds to a spin structure 
on Y according to Atiyah [Ati71]. L is known as a theta characteristic in the case that U is a curve. 
The minimal surface Eg we considered is a special case of such construction with n = 1. For Y a curve 
and n = 1, such an h exists if and only if there is a theta characteristic L on Y such that h°(y, L) > 2, 
i.e., L is a vanishing theta characteristic. 

We shall see that Theorem 4.6 is indeed a rnore general construction compared to Calabi-Gray. 
However, we do not have any natural metric on Y from this consideration. 
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Example 4.8. Let E be a smooth g = i curve and set n = 1. It is well known, see [GH04, 
Section 4] for instance, that Y admits a vanishing theta characteristic if and only if Y is hyperelliptic. 
Hyperelliptic genus 3 curves have a moduli of complex dimension 5, while it seems that the largest 
family of minimal genus 3 curves in we know is of real dimension 5 constructed in [MI90, Theorem 

7.1], 

Example 4.9. For every hyperelliptic curves Y of genus <? > 3, vanishing theta characteristics exist, 
so Theorem 4.6 can be used to construct non-Kahler Calabi-Yau 3-folds. However, it is a theorem of 
Meeks, see [MI90, Theorem 3.3], that if g is even, Y can not be minimally immersed in . From this 
we see that Theorem 4.6 yields examples cannot be covered by Calabi-Gray. 

Actually, the set of genus g curves with a vanishing theta characteristic form a divisor in the 
moduli space of genus g curves. More refined results of this type can be found in [Har82] and [TiB87]. 

Example 4.10. If we allow Y to be of higher dimension and n to be greater than 1, then Theorem 
4.6 can be used to construct lots more non-Kahler Calabi-Yau manifolds of higher dimension. For 
instance, we can take Y C CP^ x CP’’ to be a smooth hypersurface of bidegree (2n -|- 2,r -1- 1), then 
(8) is satisfied, where h is the restriction of the projection to CP^. There are also numerous examples 
of elliptic fibrations over CP^ without multiple fibers such that (8) holds. These examples lead to 
simply-connected non-Kahler Calabi-Yau’s of complex dimension not less than 4. 

Remark 4.11. It has been known for many years that the litaka conjecture fails for general compact 
complex manifolds, see [NU73, Remark 4] and [Magl2, Example 2]. It seems that all the counterexam¬ 
ples the author can find in literature involve non-Kahler manifolds with negative Kodaira dimension. 
On the other hand, the fibration tt : Y —>■ Y we constructed in Theorem 4.6 has the property that 
k{'Kv) = k{Y) = 0 while k{Y) > 0, hence 

k(Y) < k(Y) -I- «(%), 

violating the assertion of litaka conjecture. 


Part II 

A Degenerate Solution to the Strominger 
System 

In Part I we constructed various non-Kahler Calabi-Yau manifolds with balanced metric. They are 
natural testing ground for heterotic strings. In Part II of this paper, we will only consider the simplest 
case, i.e., X = Yg x T^, where Yg is a minimal genus g Riemann surface in and T'^ is the real 
4-torus with standard hyperkahler structure. As we have seen in Section 2 that Y is a non-Kahler 
Calabi-Yau 3-fold whose natural metric is specially balanced. We will try to solve Strominger system 
on X based on the idea from [FY08]. 

5 More Complex Geometry 

Recall that the Strominger system 


FAu}^ = 0, F°-^=F^'° = 0 

y/^dduj = j(Tr R A i? - Tr F A F) 
d(||HL-cc2) = 0 
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involves curvature forms F and R. In this work, they will be computed with respect to the Chern 
connection. To do that, it is convenient to work with a holomorphic frame. 

Let e^, e®, e®, be a set of parallel orthonormal 1-forms on and we will use the convention 

w/ = A e® -I- e® A e’^, 

wj = A e® — e® A e’^, 

ujk = a -I- e® a e®. 

In terms of this frame, it is straightforward to write down the holomorphic (3,0)-form = Hi -|- i^l 2 

where 

Hi = A w/ -I- A wj -I- e® A u>k, 

^2 = {—1^ + /3e®) A w/ -I- (ye^ — ae®) A wj -I- (—/3e^ -I- ae^) A 

Now we proceed to solve for a local holomorphic frame on {X, Jq). It is easier to work with 1-forms. 
Consider a (l,0)-form 0 of the form 

e = Ldz + -f Be® -f Ce® -f 


where 2 ; is a local holomorphic coordinate on Eg while L, A, B,C, D are smooth functions to be 
determined. 

As JqO = i6, it follows that 


iA = aB + pc -f 7 B, 
iB = —aA F yC — PD, 
iC = —PA — jB + aD, 
iD = —jA + PB — aC. 


Solve A and B from C, D, we get 


(9) 


a-f + iP aP-ij 

a/3 - ij «7 + */3 ^ , p, 

B-^^C + ^^D-aC + nD, 


where 


K = 


a'y + ip i 


p'^ + i^ 2 
are holomorphic functions. 

If 0 is a holomorphic (l,0)-form, then 


'2 ^.,2 = O (C+7) ^^^'^=132+^2 


aP — 1 / 1 

= "2 C 


d0 = dL A d 2 : -I- dA A -f dB A e® -f dC A e® -I- dB A 


is of type ( 2 , 0 ), which is equivalent to that 


Jo(d 6 ») = -d0. 


As a consequence, we have 

(dA -I- aJodB -f pJodC + jJodD) A -I- (dB — aJodA -|- jJodC — pj^dD) A e® 

-|-(dC — pj^dA — yJgdB -|- aJodB) A e® -f (dB — yJgdA -|- pjgdB — aJodC) A + 2dL A dz 
= 0 . 
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Plug in (9), we can compute 

+ uJqAB + /3JodC + 7 JodZ? = —2KdC + 2adD + C{iada — dn) + D{da + iadn), 
AB — uJqAA + 7 JodC — PJ^AD = 2adC + 2KdD + C{da + iadn) — D{iada — dn), 

AC — IAJqAA — jJqAB + aJoAD = 2dC + iC{/3dK — jda) — iD{[3da + jOk), 

AD — "/JqAA + PJqAB — aJoAC = 2dD + iC{j3da + jdn) — iD^jda — /39k). 

Therefore 

2dL A d^ + 2dC A + ere® + e®) + 2dD A (cre'^ + Ke® + e^) 

+{Cda + DDk) a {iae'^ + e® — + ijAe^) + {Cdn — Dda) A (—e"* + me® + i/3e® + i^e^) 

= 0 . 


Each term in the above equation is a (1,1) form. Notice that 

{dz, —Ke"^ + ere® + e®, ae^ + Ke® + e^} 

form a basis for (1,0)-forms, so we deduce that dC = dD = 0 and 

2dL = {Caz + DK,z){ioie^ -I- e® — Z 7 e® -I- i/3e^) -I- {Ckz — Daz){—e^ + iae^ + if3e^ + * 7 e^), 

which is always locally solvable since the right hand side is 9-closed. 

Therefore we conclude that 


{dz, Lidz — Ke^ -I- ere® -I- e®, L 2 AZ + ere^ -|- rte® -I- e^} 


is a local holomorphic frame of T^X, where Li and L 2 are functions satisfying 
29Li = crz(e® -I- iJoe®) - Kz{e* + iJoe^) = 7 

( 10 ) 


p^ + i- 


:{e^ -I- iJ^e^), 


2dL2 = Kz{e^ + iJoe^) + (Tzie + iJ^e ) = -■ 


2,iaz 


r(e® -h iJoe®). 


/32 _|_ ^2 

After taking dual basis and rescaling, we obtain a holomorphic frame of T^X as follows 


El = j/3e4 -I-1765 + ee — iaey = ee — iJoee, 

V2 = *7e4 — t/3e5 -I- iae^ + er = €7 — iJoer, 

Vq = 2— -TiEi — L 2 E 2 . 

oz 

Observe that Ei and E 2 are globally defined and nowhere vanishing. Similarly e 4 —f Joe 4 and e^ — iJoe^ 
are nowhere vanishing holomorphic vector fields on X. 

At point where {a,( 3 ,j) = (1,0,0), we have Ei -I-iE 2 = 0. Similarly at point where (a,/3,7) = 
(—1,0,0), we see Ei — fE 2 = 0. As the Gauss map is surjective, we conclude that as holomorphic 
vector fields, both Ei + jE 2 and Ei — *E have zeroes. 

In [LS94, Theorem 1], LeBrun and Simanca proved that on a compact Kahler manifold, the set 
of holomorphic vector fields with zeroes is actually a vector space. Hence we obtain a different proof 
that X is non-Kahler. In fact, we can prove a little more: 

Proposition 5.1. X does not satisfy the 99-lemma. As a corollary, X is not of Fujiki class C. 

Proof. Let ^ be a holomorphic (l,0)-form on X. Since its pairing with Ei and V 2 are constants, one 
can easily deduce that ^ must be pullback of a holomorphic (l,0)-form from Eg. Hence h^{X,il^) = 
h^’^{X) = g. On the other hand, bi{X) = 2g + A > 2g = 2h^’^(X), therefore the 99-lemma fails. □ 
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Jost and Yau [JY93] introduced the concept of astheno-Kahler metric, which means an Hermitian 
metric oj' satisfying = 0. In complex dimension 3, it reads ddoj' = 0, which coincides with 

the notion of SKT (strong Kahler with torsion, also known as pluriclosed) metric. An import result 
is the following obstruction of astheno-Kahler metric found by Jost-Yau: 

Theorem 5.2. (Jost-Yau [JY93, Lemma 6]) 

Let M be a compact astheno-Kahler manifold, then every holomorphic 1-form on M is closed. 

We shall point out that this obstruction is not enough. There exist a nilmanifold satisfying the 
condition of Theorem 5.2 which does not support any astheno-Kahler metric, as observed in [FTll, 
Example 2.3]. This phenomenon will be manifested below as well. 

A folklore conjecture says if a compact complex manifold admits both balanced and astheno-Kahler 
metrics or both balanced and SKT metrics (a priori they are different), then it must be Kahler. The 
SKT version of this conjecture has been solved in a few cases, including connected sums of x 
[FLY12], twistor spaces of anti-self-dual 4-manifolds [Verl4], manifolds of Fujiki class C [Child] and 
nilmanifolds [FV15a, FV15b]. 

To verify this conjecture for our A, we prove 

Theorem 5.3. X is not astheno-Kahler/SKT. 

Proof. From Proposition 5.1, we know that all the holomorphic 1-forms on X are d-closed, therefore 
we cannot apply Theorem 5.2 directly. In addition, we know that X is not of Fujiki class C from 
Proposition 5.1, therefore this theorem is not covered by Chiose’s result [Child]. 

Let — i Joe-’ for j = 4, 5, 6, 7. Clearly they are (l,0)-forms on X. Observe that 

dp-’ = —id(Joe-’) 

is purely imaginary. On the other hand, dp-f is of type (2,0)-|-(l,l), therefore we conclude that dp^ = 0 
and 

dp^ = —id(Joe-’). 

Assume that X admits an astheno-Kahler metric uj', then by integration by part, we have 

f (d(Jop-’))^ A w'= f dp^Adp^Aoj'= ( pP AfP A dduj'= Q. 

Jx Jx Jx 

On the other hand, explicit calculation shows that 
7 

^(d( Jop-’))^ = —4d/3 A dy A w/ — ddy A da A wj — 4da A d,5 A luk- 
1=4 

Observe that _ 

d/3 A dy dy A da da A d/3 idf A dC 

Jo 7l i \ /'\ 2\2 ^ 

a /3 y (1 + ICr) 

is the pullback of the Fubini-Study metric by the Gauss map G. Therefore we have 

7 

0 = / (d( Jop-’))^ Aoj' = —4 / G*a;cpi A (aujj + fiuij + ■jlok) A uJ . 

Jx 

This is in contradiction with the positivity of wb □ 

Remark 5.4. The result of Theorem 5.3 answers a question of Fu-Wang-Wu [FWW13, Section 1]. 
On the contrary, there exists 1-Gauduchon metrics on A, namely Hermitian metric w' such that 

dduj' A w' = 0. 


This is a theorem of Fu-Wang-Wu [FWW13, Corollary 20]. 
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Remark 5.5. Extracting from the above argument, we can define a map 

on any compact complex manifold {X, J), where J is the complex structure. The map u is defined to 
be 

u:[p\^^ [d(Jp)], 

where and denote the de Rham cohomology and Bott-Chern cohomology respectively. If X 
satisfies the 9i9-lemma, then u is identically zero. In general, u detects the failure of 9i9-lemma. This 
map u is essentially related to the isomorphism 

H^{X,0) ^ {d-exact real (1,1)-forms} 

H\X,R) ~ {idd'ilj,ip€C°°{X,R)} ’ 

which is discussed in the proof of [Tosl5, Proposition 1.6]. 

6 Solving Strominger System 

6.1 Conformally Balanced Equation 

Recall from Section 2 that the naturally induced metric (5) 

ujQ = oj + auji + I3ujj + ^ujk 

is special balanced, therefore it solves (3). However, this metric is too restrictive for practical use. So 
we introduce a smooth function / on Sg and cook up a new metric 

ujf = e^-^Lo + e^{auji + f3ujj + 


Obviously we have 

||0|U,=e-2^||0|U 

and 

oj'j = 2e^-^uj A {acJi + Pujj + jojk) + A A e® A e^. 

It follows that ojf also solves the conformally balanced equation 

d(||OL,cc^) = 0. 


6.2 Curvature Computation 

As we have worked out a local holomorphic frame in Section 5, we are able to compute the term 
Tr(i?/ A Rf) in (2) with respect to the Chern connection associated to w/. 

With respect to the local holomorphic frame {Vo, Vi, V 2 }, the metric w/ is given by the matrix 


H = 2ef 


+ |Tip + IT2P — ioi{LiL 2 — L2L1) —Li — iaL 2 —L2 + iaLi' 


—Li + iaL2 

— L 2 — iceLi 


The inverse matrix can be computed accordingly 


la 


—la 

1 
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Let 


p = e^^X, 

f 

R = 


and set 


—Li —L2 

i7= I 1 0 1 = 

0 1 

S = e^(^ 

\ia 1 


V=\U\={^ 


-L 

id 


We can express H and H ^ as 


H = 2pR + 2USU'^, 

2p 2 


j-i 


Direct computation shows that 

ij-i 

As a consequence, we have 


dH - {p ^dp) 0) + p ' -^) + {s-%s) " {dL^ 


0 0 
0 


Rf=d{H-^dH) = idd\ogp)(lr 0 


+p~ 


+ (5(S-%5)) “>) 


(s-'as) (aaf 


From this we can see immediately that 

Tr(i?/) = Addf. 

A even more complicated calculation reveals that 


Tr(i?/ Ai?/) = 2 


ddlogp^- - aiogpAap^- - , dlogp^^- 


P 


-dL-S- dL^ - • S ■ dL^ + ■ S ■ dL^ 




P 


- • ds ■ dL'^ + ^dL ■ ds ■ dL^ - ^dL ■ S ■ ddL^ + -dL ■ Sd{S-^dS)dL'^ 

P p^ p^ P 

- -ddl ■ dS ■ dL^ + -ddl • S ■ ddL^ + -dl • dS ■ S-^dS ■ dL^ - -dl ■ dS ■ ddL^ 

P P P p 

Let W = dL ■ SdL"'". After a recombination of terms, we get a very simple expression 

Tr(i?/ A Rf) = —- [(i951ogp + idlogp A d\ogp)W — d\ogp A dW + idlogp A dW — ddW\ 


= 2dd{ 


(W 
V P 
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Recall that dL can be read off from (10), hence we are able to calculate this term explicitly as 

= -^IldGf (aw7 + Pujj + -fUK), 
where G : Eg —>■ CP^ is the Gauss map. Clearly it is globally defined. 

6.3 Solving the Whole System 

A crucial consequence of the lengthy calculation above is that Tr(i?/ A Rf) is 9i9-exact. Therefore 
we can simply take T = 0 to solve the Hermitian-Yang-Mills (1) without violating the cohomological 
restriction in (2). 

We also observe that 

iddujf = idd{e^ {auji + Pojj + yw/f)). 

Therefore by equating 

e2/ = ^||dGf, 

we solve the whole Strominger system with F = 0. 

Unfortunately ||dG|p vanishes at the ramification points, at which / goes to —oo, thus the metric ojf 
is degenerate at the fibers of tt over these ramification points. The ramification locus is unavoidable 
and related issues will be addressed in next section. What we get is a degenerate solution to the 
Strominger system. 


7 The Geometry of Degenerate Locus and Further Discus¬ 
sions 

A simple application of Riemann-Hurwitz formula shows that G has 4(g — 1) ramification points 
counted with multiplicity. These are exactly the zeroes of Gauss curvature of Eg. It is a very 
interesting question if we can find a nontrivial lower bound for number of zeroes of Gauss curvature 
when counting without multiplicity. 

Now let us consider the case Eg is a hyperelliptic minimal surface of genus g. Meeks showed 

that g must be odd. More importantly, Meeks [MI90, Proposition 3.1, Theorem 3.2] observed that 
the hyperelliptic automorphism of Eg is an isometry that is induced by an inversion symmetry in 
through any hyperelliptic point. Furthermore, after a translation in one can manage to locate 
every hyperelliptic point of Eg inside the set of order 2 points in T^. In an ideal case with g = 3, the 

8 hyperelliptic points will be exactly the 8 order 2 points in T^. 

From this we see that ||dG|p is invariant under the hyperelliptic automorphism r, hence our 
solution to the anomaly cancellation equation (2) descends to X/{t), which is a fibration over 
CP^ with orbifold singularities. However, we notice that = —H, therefore what we really have on 
X/{t) is a solution to the “twisted” Strominger system. 

In summary, on non-Kahler Galabi-Yau 3-folds of the type Eg x T^, we are able to write down 
explicit solutions to the whole Strominger system with degeneracies. A curious feature is that infinitely 
many topological types occur in these models. Nevertheless, there are many interesting questions left 
unanswered. For example, one may ask if there are any interesting physics behind the degenerate 
locus. If not, is it possible to apply a perturbation argument to get rid of the degeneracies? Or maybe 
more importantly, can one add in nontrivial Tt{F A F’)-term to fix these degeneracies? Preferably F 
may come from anti-self-dual instantons on T^. By the famous Atiyah-Ward correspondence [AHS78], 
the pullback of such instantons to X have holomorphic structures satisfying the Hermitian-Yang-Mills 
Equation (1) automatically for our ansatz uif. However, the anomaly cancellation (2) still awaits to 
be handled. 
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On the other hand, since the degeneracies concentrate on the fibers over ramification points, it is 
natural to consider the Strominger system on the twistor space instead of on the pull-back space X. 
However, a twistor space can never have trivial canonical bundle, therefore further modifications are 
needed. This idea will be developed in [FeilSa] where local models of torsional heterotic strings are 
described. 

References 


[AGF12] 

B. Andreas and M. Garcia-Fernandez. Solutions of the Strominger system via stable bun¬ 
dles on Galabi-Yau threefolds. Communications in Mathematical Physics, 315(1):153-168, 
2012 . 2 

[AGS 14] 

L.B. Anderson, J. Gray, and E. Sharpe. Algebroids, heterotic moduli spaces and the 
Strominger system. Journal of High Energy Physics, 2014(7):l-40, 2014. 2 

[AHS78] 

M.F. Atiyah, N.J. Hitchin, and I.M. Singer. Self-duality in four-dimensional Riemannian 
geometry. Proceedings of the Royal Society of London A, 362(1711):425-461, 1978. 14 

[Ati71] 

M.F. Atiyah. Riemann surfaces and spin structures. Annales scientifiques de I’Ecole Nor- 
male Superieure, 4(l):47-62, 1971. 7 

[Boy88] 

C.P. Boyer. A note on hyper-Hermitian four-manifolds. Proceedings of the American 
Mathematical Society, 102(1):157-164, 1988. 5 

[Gal58] 

E. Calabi. Construction and properties of some 6-dimensional almost complex manifolds. 
Transactions of the American Mathematical Society, 87(2):407-438, 1958. 2 

[GdlO90] 

P. Candelas and X.C. de la Ossa. Comments on conifolds. Nuclear Physics B, 342(1):246- 
268, 1990. 1 

[Ghil4] 

I. Chiose. Obstructions to the existence of Kahler structures on compact complex manifolds. 
Proceedings of the American Mathematical Society, 142(10):3561-3568, 2014. 11 

[Gle83] 

C.H. Clemens. Double solids. Advances in Mathematics, 47(2):107-230, 1983. 2 

[dlOSM] 

X.C. de la Ossa and E.E. Svanes. Holomorphic bundles and the moduli space of A^ = 1 
supersymmetric heterotic compactifications. Journal of High Energy Physics, 2014(10):!- 
55, 2014. 2 

[FeilSa] 

T. Fei. Some torsional local models of heterotic strings. arXiv: 1508.05566, 2015. 15 

[Feil5b] 

T. Fei. Stable forms, vector cross products and their applications in geometry. arXiv: 
150102807, 2015. 1, 2, 3 

[FIUV09] 

M. Fernandez, S. Ivanov, L. Ugarte, and R. Villacampa. Non-Kaehler heterotic string com¬ 
pactifications with non-zero fluxes and constant dilaton. Communications in Mathematical 
Physics, 288(2):677-697, 2009. 2 

[FLY12] 

J.-X. Fu, J. Li, and S.-T. Yau. Balanced metrics on non-Kahler Calabi-Yau threefolds. 
Journal of Differential Geometry, 90(1):81-129, 2012. 2, 11 

[Fri86] 

R. Friedman. Simultaneous resolution of threefold double points. Mathematische Annalen, 
274(4):671-689, 1986. 2 

[FTll] 

A. Fino and A. Tomassini. On astheno-Kahler metrics. Journal of the London Mathematical 
Society, 83(2):290-308, 2011. 11 


15 


[FTY09] 

[FV15a] 

[FV15b] 

[FWW13] 

[FY08] 

[FY15] 

[GFRT15] 

[GH04] 

[GP04] 

[Gra69] 

[Har82] 

[HKLR87] 

[JY93] 

[Kal98] 

[LeB99] 

[LS94] 

[LWY14] 

[LY05] 


J.-X. Fu, L.-S. Tseng, and S.-T. Yau. Local heterotic torsional models. Communications 
in Mathematical Physics, 289(3):1151-1169, 2009. 2 

A. Fino and L. Vezzoni. On the existence of balanced and SKT metrics on nilmanifolds. 
arXiv: 1506.05273, 2015. 11 

A. Fino and L. Vezzoni. Special Hermitian metrics on compact solvmanifolds. Journal of 
Geometry and Physies, 91:40-53, 2015. 11 

J.-X. Fu, Z.-Z. Wang, and D.-M Wu. Semilinear equations, the jk function, and generalized 
Gauduchon metrics. Journal of the European Mathematical Society, 15(2):659-680, 2013. 
2 , 11 

J.-X. Fu and S.-T. Yau. The theory of superstring with flux on non-Kahler manifolds and 
the complex Monge-Ampere equation. Journal of Differential Geometry, 78(3):369-428, 
2008. 2, 8 

T. Fei and S.-T. Yau. Invariant solutions to the Strominger system on complex Lie groups 
and their quotients. Communications in Mathematical Physics, 338(3):1-13, 2015. 2 

M. Garcia-Fernandez, R. Rubio, and C. Tipler. Infinitesimal moduli for the Strominger 
system and generalized Killing spinors. arXiv: 1503.07562, 2015. 2 

B. H. Gross and J.D. Harris. On some geometric constructions related to theta charac¬ 
teristics. In Contributions to Automorphic Forms, Geometry, and Number Theory, pages 
279-311. The Johns Hopkins University Press, 2004. 8 

E. Goldstein and S. Prokushkin. Geometric model for complex non-Kahler manifolds with 
SU{3) structure. Communications in Mathematical Physics, 251(l):65-78, 2004. 2 

A. Gray. Vector cross products on manifolds. Transactions of the American Mathematical 
Society, 141:465-504, 1969. 2, 3 

J.D. Harris. Theta-characteristics on algebraic curves. Transactions of the American 
Mathematical Society, 271(2):611-638, 1982. 8 

N. J. Hitchin, A. Karlhede, U. Lindstrom, and M. Rocek. Hyperkahler metrics and super- 
symmetry. Communications in Mathematical Physics, 108(4):535-589, 1987. 5, 6 

J. Jost and S.-T. Yau. A nonlinear elliptic system for maps from Hermitian to Riemannian 
manifolds and rigidity theorems in Hermitian geometry. Acta Mathematica, 170(2):221- 
254, 1993. 11 

D. Kaledin. Integrability of the twistor space for a hypercomplex manifold. Selecta Math¬ 
ematica, New Series, 4(2):271-278, 1998. 5 

C. LeBrun. Topology versus Ghern numbers for complex 3-folds. Pacific Journal of Math¬ 
ematics, 191(1):123-131, 1999. 7 

C. LeBrun and S.R. Simanca. Extremal Kahler metrics and complex deformation theory. 
Geometric and Functional Analysis, 4(3):298-336, 1994. 10 

H. Lin, B.-S. Wu, and S.-T. Yau. Heterotic string compactification and new vector bundles. 
arXiv: 1412.8000, 2014. 2 

J. Li and S.-T. Yau. The existence of supersymmetric string theory with torsion. Journal 
of Differential Geometry, 70(1):143-181, 2005. 2 


16 


[Magl2] G. Magniisson. Automorphisms and examples of compact non-Kahler manifolds. arXiv: 
1204.3165, 2012 . 8 

[MI90] W.H. Meeks III. The theory of triply periodic minimal surfaces. Indiana University 
Mathematics Journal, 39(3):877-936, 1990. 3, 8, 14 

[Mic82] M.L. Michelsohn. On the existence of special metrics in complex geometry. Acta Mathe- 
matica, 149(l):261-295, 1982. 2 

[NU73] I. Nakamura and K. Ueno. An addition formula for Kodaira dimensions of analytic fibre 
bundles whose fibres are Moisezon manifolds. Journal of the Mathematical Society of Japan, 
25(3):363-371, 1973. 8 

[Rei87] M.A. Reid. The moduli space of 3-folds with K = 0 may nevertheless be irreducible. 
Mathematische Annalen, 278(1-4):329-334, 1987. 1 

[Str86] A.E. Strominger. Superstrings with torsion. Nuclear Physics B, 274(2):253-284, 1986. 1, 
2 

[STW15] G. Szekelyhidi, V. Tosatti, and B. Weinkove. Gauduchon metrics with prescribed volume 
form. arXiv: 1503.0449U 2015. 1 

[TiB87] M. Teixidor i Bigas. Half-canonical series on algebraic curves. Transactions of the American 
Mathematical Society, 302(1):99-115, 1987. 8 

[Toml5] A. Tomberg. Twistor spaces of hypercomplex manifolds are balanced. Advances in Math¬ 
ematics, 280:282-300, 2015. 7 

[Tos07] V. Tosatti. A general Schwarz lemma for almost-Hermitian manifolds. Communications 
in Analysis and Geometry, 15(5):1063-1086, 2007. 6 

[Tosl5] V. Tosatti. Non-Kahler Calabi-Yau manifolds. In Analysis, Complex Geometry, and Math¬ 
ematical Physics: In Honor of Duong H. Phong, volume 644 of Contemporary Mathematics, 
pages 261-277. AMS, 2015. 2, 12 

[Tra08] M. Traizet. On the genus of triply periodic minimal surfaces. Journal of Differential 
Geometry, 79(2):243-275, 2008. 3 

[Verl4] M. Verbitsky. Rational curves and special metrics on twistor spaces. Geometry & Topology, 
18(2):897-909, 2014. 11 

[Yau77] S.-T. Yau. Galabi’s conjecture and some new results in algebraic geometry. Proceedings of 

The National Academy of Sciences, 74(5):1798-1799, 1977. 1, 6 

[Yau78a] S.-T. Yau. A general Schwarz lemma for Kahler manifolds. American Journal of Mathe¬ 
matics, 100(l):197-203, 1978. 6 

[Yau78b] S.-T. Yau. On the Ricci curvature of a compact Kahler manifold and the complex Monge- 
Ampere equation, I. Communications on Pure and Applied Mathematics, 31(3):339-411, 
1978. 1, 6 

[Yau09] S.-T. Yau. A survey of Calabi-Yau manifolds. In Surveys in Differential Geometry XIII, 

pages 277-318. International Press, 2009. 1 


17 


